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A method of reducing a three-dimensional problem in the asymmetric theory of elasticity to a two-dimensional problem in the
theory of shells is proposed. © 1998 Elsevier Science Ltd. All rights reserved.

The proposed approximate theory starts from the ideas of the improved theory of shells [1-3] and the
general asymmetric theory of elasticity [4-6]. It can be used not only to analyse very shallow shells [3],
but also to investigate shells with a large variability index, to construct a simple edge effect, to analyse
local stability problems, etc.

The theory may be of interest when considering shells made of polycrystalline materials, high polymers,
grainy composites, etc. The results can be used when investigating microshells and plates encountered
in micromolecular mechanics.

1. Consider a shell of constant thickness % in an orthogonal curvilinear system of coordinates «,. The
middle surface of the shell is the coordinate surface a;a,. The coordinate line aj is rectilinear. The
coordinate lines a; and oy coincide with the lines of curvature of the middle surface. The principal
curvatures of the middle surface and the coefficient of its first quadratic form are, respectively, k; =
ki(ay, ay) and A; = A;(ay, ay), but are assumed to behave like constants during differentiation [1-3].
The system of coordinates is chosen so that the strong inequality AB/R;R, <€ 1 holds (R,; are the principal
radii of curvature of the middle surface) [3]. The shell is assumed to be loaded only by surface forces
applied at right angles with intensities Z* (for a3 = 4/2) and Z~ (for a3 = -h/2).

The theory is based on the following hypotheses [1-3].

1. The displacement u3, perpendicular to the middle surface of the shell and rotations about the normal
lines a3 — w3 are independent of the coordinate o [1-3], that is

us =w(a|,a2). (03 =W3(a|ya2) (11)

where w is the required normal displacement of the middle surface and w; is the required rotation about
the coordinates as.

2. Over the thickness of the shell, the shear stresses o3; and o3, behave in accordance with the law
described in [1, 2], that is

O3, =f(a3)q’n(al’a2) n=12 (12)

where ¢, are the unknown functions and f = (h%/4 - a%)/z is a given function for which the conditions
o3 = th/2 are satisfied by the stresses ox,,.

3. The structure of the rotations @, and , is determined by the improved theory of very shallow
shells [1, 2], that is

O =wy - f(3)¥y, @ =-w;+ f(a3)y, (13)

where vy, (0, o) are the required functions.

4. The normal stresses o33 can be neglected compared with the stresses oy; and o,,. The stress o33
can be determined from the equilibrium equation.

Without loss of generality, we will assume that 4; = 1 and the Lamé coefficients are given by H; =
1+ k1a3, H2 =1+ k2a3, H3 = 1.

For brevity, we will use the notation
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afk f 2%f,

» Jeii = 00,00

fi= Jer = and so on

2. In the chosen system of coordinates, the force and couple-stresses o; and p; are given by [5-7]
Gji = (M+O)Y i + (- 00Y; +AYyud;  (ML'T™?) 2.1)
Wji = (Y +EN + (Y~ +BXud; (MT2)

The strain tensor and bending-torsion tensor have the representations (with summation over k)

= 1 uj H 8 Uy H
in’?jui.j'm it jiH_Hk ok Ejik Oy
1 w; ()]
L_H;, (2.2)

it = g%~ g, M WHH,

p=E/[2(1 + v)], A = vE/[1 + v)(1 - 2v) are Lamé constants, E is the modulus of elasticity, v is Poisson’s

ratio, a, v, E, B are new constants of elasticity (p, A, E, o — ML~ T2y, 6,p~ML" ) u; are the components

of the displacement of any point of the shell, §; is the Kronecker delta and € is the Levi~Civita tensor.
The equations of motion can be written as follows

(Hy011) 1 +(H\6y) p + (HiH)03) 3 + Hy 3013 + HyH, 3613 — Hy (09 + H H, X, = pH, Hiiy
(H(Gy) 2 +(H Hy03) 3 +(Hy0p5), + Hy 10y +
+H\H) 16,3 - H\ 1,0, + HiH,X; = pH\H)ii, (2.3)
(H Hy633) 3+ (Hy613)y +(H)023) 5 — H\Hy 309 — HyH) 36y, + HyH, X5 = rHy H, it
Also
(Habi1) g +(H Ry ) 2 + (H Hyly ) 3 + Hy gy + HyH\alys — Hy g +
+H HyY, + H H) (053 - O3) = JH H,0,
(H\Wp) o +(H Hylz ) 3 +(Holpp) s + Hy sl + HiH) 3o — Hy ol +
+H H,Y, + H Hy (03, — 63,) = JH, H,, (2.4)
(HHyl3y) 3+ (Hylya)y + (Hilgs) 5 — HiHy 5l ~ HoH gy +
+H\H,Y; + H H, (013 - 6y;) = JH H,®,

Here X;, Y; are the components of mass forces and moments, respectively, r is the density (ML'3)
andJisa dynamlc characteristic of the medium (a measure of the inertia during rotation ML™).

These equations have been written ignoring the hypotheses and assumptions described above. They
are quite general and do not appear to have been published in papers on the theory of shells. Obviously,
they become much simpler in the case of very shallow shells.

3. With the accuracy of the theory of very hollow shells [1-3] and the given hypotheses and assumptions,
from (2.2) by (1.1) and (1.3) we have

Yia=#3=0, u3=woy,0,) (3.1
Yan = U, 3 + W= f(('l3 )‘Vn' Yn3 = “knun + f(u':% )‘l’n’ n= 1’2 (32)
Substituting the values of the stresses o3, from (1.2) and the corresponding strains from (3.2) into

(2.1), we solve the resulting equations for u;, taking u; = u(oy, az), 4 = v(o,, az) with a3 = 0, and
obtain

u, =uV )-ow, + E{"—q(cp,, +2o9,), n=12 (3.3)
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h? a%)

Iy = ff(as)das =ﬁ3_[______._ 3.9)
h

214 3

Thus, by virtue of the above hypotheses, the displacements of any point of the shell (3.1), (3.3) can
be represented by means of seven unknown “two-dimensional” functions u, v, w, @, @3, y1, W, (with
arguments oy, ap). In addition, there is one unknown “two-dimensional” function y;(a,;, o), which
represents rotations ;.

The use of (1.1), (3.1) and (3.3) basically reduces a three-dimensional problem in the asymmetric
theory of elasticity to a two-dimensional problem in the theory of shells.

Substituting the values y; and y; into (2.1) and using (1.1), (1.3), (3.1) and (3.3), as well as (1.2), we
obtain the following equations for the stresses (any relations not written out are obtained by cyclical
replacement of the symbols in brackets)

G” = B{u_, +k|W+V(U’2 +k2W)_a3(W‘“ +VW'22)+

I,B
—_— +V +20 +V
+“+a[¢1.u P22 (Wi + VW, )]} (3.5)

(12,uev), B=E/(1-v?), B,=VE/(1-V?)
O =(R+O)V | +(L=0)u,y — 03 2w 5 — 20003 + [y X

-o -a
x[%.l + ﬁ+a @2+ 20{‘1’2,1 + ﬁﬂx ‘l’l.z)] (02, uev, Y36 -V;) (3.6)
03 =—k,(L+o)u+k,(u+a)ozw, +2f(a )0y, +
p-o i
= kI 2 =12, uev 3.7
+[f(°‘3)u+u no](%*‘ oy,) (n u ) (3.7
We also have
Hyp = 2,2 = F(@)2Y +B)wy, =By 21+ (27K, +Blk; + &)W (3.8)

(l1e32, wer-w, fO-f)
Ry =—(Y+EW, ) +(Y—€)w 5 + F(ON(Y +EWW, ; — (Y - €)W 5] (3.9)

(12, weo-w, fO-f)
Wiz =(Y+E)W3; —kw )+ [k f(a3)(Y +€)+o3(Y - €)]V, (3.10)
Koz = (Y+EN®3 5 +how )=k f(03)(Y +€) + 03 (Y - €)]¥,

The couple-stresses 133, Ua; Which, in thin shells, are quite small compared with p;, 1, can, if necessary,
be determined from the equations of motion (2.4) allowing for the surface conditions p3; = p3; =
usy = 0 at az = th/2.

The stresses (3.5)—(3.10) in the cross-sections of the shell produce internal forces and moments which,
per unit length of the middle surface and to the usual accuracy of the theory of very hollow shells [1-3],
can be written as follows:

tangential and shearing forces due to force stresses

71] =Bh[u‘| +k|W+V(U|2 +k2W)] (1 (—)2, u HU)

SIZ =h[(p+a)u_| +(p.—a)u‘l "'ZW:;] (] (—)2, uev, W‘S ﬁi -W3) (3.11)
P{p-o 4po
- —] F— +— =],2; PEYY
Nua k..(u+a)hu+lz(u+a n umw..) (n uSV)

bending moments and torques due to force stresses
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3 s

Bh Bh
My =~ 12 (W’“+vw’22)+120(u+a)[(P1.|+V‘P2.2+2°‘(‘4’|.l+"‘4’2.2)] (1e2)
3 h B p-a
=2 — 2 le2 3.12
H), 2!»1‘2 Wipt 120[%1 u+a¢'2+ 0{\!’21 a‘l’l.zn( ) (3.12)

total torques and bending moments due to couple-stresses
3

h
B =2vhw,, - ']—2‘[(2Y+ B, -By 2] (162, weor—w, he -h)

3

Ry =h(Y-€Wy ~(Y+E)W ), 1+ %[(Y +O — (Y-, ] 102, ke -k (313)

1

Qn—kl('Y"‘E)[ WZ—hW2]+('Y+8)h\V3| (l(-—)2 he h \l’q "'\"3)

4. Averaging the equations of motion (2.3), (2.4) over the shell thickness, using (1.1)—(1.3), (3.4)—(3.13)
and the conditions on the surfaces a3 = *h/2, with the usual accuracy of shallow shell theory [1-3] we
obtain the following equations of motion in forces and moments

Til.l +S2|.2 +ICIN]3 =phd (l L d 2, MHU)

Nizi+ Ny =Ty =k Ty = ~(Z7 + Z7) +pho (4.1)
5 2 K K ph® . .
—_— —_ —2 - — N +2a 1(_)2
M, +Hy, 12 ¢ — ki 120 oy, =-p TR + 200 ) (9, V) ( )

and also
3 3

h h
B+ Ry +kQ3+ Ny - ]2‘92—-”"4’2—J V2 (162, he>—h, Ny & -N;3)

Q31 +Dp3z ~ KBy —ky Py + 8, - 8y, = Th, (4.2)

Substituting the values of the internal forces and moments into (4.1) and (4.2), we obtain a complete
system of eight differential equations in the eight unknown functions u, v, w, @1, @3, W1, Wa, W3

Bu 11 +(u+(1)u »” +(BIZ +'.l—a)v’|2 +B(k| +Vk2)w'1 +

2
+k|h (u &0 s 4poc

nro u_wa,)+20c\|l3‘2=pii (2, uev, Y 0 -V,) (4.3)

(k(B+p+o)+kyByJu, +[k(B+p+0)+ kB, , +

2
+(k| B+2kk,B,, + k2 Byw ~ %[u +¢@y,)+
(\I’ +V¥,2) =Z_ w, Z=2Z"+2Z" (4.4)
},l+a 11 2.2 h pw, .
W[ B B,+p-a

B +B —— 120 +
AT W22 [u_'_a(Pm L) Lo 92,12

B . B h
+2a(m‘l’|,u +V¥2n +—"2'u—+;—‘4’2 12)]‘”91 +k1 20“!’1 =

” (4.5)
=pw, —m((pl +2(!\|I|) (le 2)
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B2
(Y+E)w, ) +w, )~ TZ_[(Y +EW,; +(2Y+ Py — (Y -+ By, 5] -

B 2
~[ky By +&)+ (K + ky)BIW; » _I—Z-E—a—((p' 2o ) -k (u+oju+
h? h
+k2275(y+s)\|11 =JW,I—J-1—5\'|'11 (16 2,ue v, y; & -y;) (4.6)

200v  —ug)— (k) =k )BY+EIW y +(YHENY3 + W)+
h? h?
+T2_[k' GBy+B+e)+kPBly,, - E-[kz(3y +B+e)+kBly, , -

—[(27 + BUKAE + k2 )+ 2Bk, + 40l = J, (4.7)

To these must be added the boundary conditions at the ends of the shell. The averaged boundary
conditions can be written like the boundary conditions of the improved theory [1, 2].

5. For a plate (k; = 0, k, = 0), the system of resolvents splits into two independent systems. The first
consists of the three equations (4.3) and (4.7) in the three unknowns u, v, y3 (the plane problem). The
second consists of the five equations (4.4), (4.5) and (4.6) in the five unknowns w, @1, ¢,, 1, ¥, (transverse
bending). In the special case when a = 0, the first five equations are the same as in the improved theory
(1, 2], while the other three can only be associated with the former in terms of the unknown displacements
u,v and w.

6. We will consider the model problem of a circular cylindrical shell with radius of curvature R, = R which is
spherically supported at its ends (o; = 0, a; = a) and is axisymmetrically loaded (Z = gsiniay, A = n/a). In this
case, obviously, all the unknown quantities will be functions of v = 0, ¢, = 0, yw, = 0, w3 = 0 only. Also v = 0,
¢2=0,y;=0,y; =0.

The system of resolvents in the required functions u(a;), w(oy), @; = @(oy), Wy = y(a,) takes the form (the
prime denotes a derivative with respect to ;)

BM”‘PBIZ—IR—W' =0

2
B,z-l-u + _'T'__L(u'a(p'.q..—"'ua w’):%sinml

R R? 12{p+a’ p+a
(6.1)
L -—-—( "+20007)+9=0
B II-’___. » -
W To g Y2 )e

+
SV o=V

4ua 20 1+e -0
+ p+a

(Y+0wm—$EPY+9W"—

Table 1
b? a B " B
u hg "0 hg 0 —~4 o Vo
0.0 430 41.1 1.65
4 0.05 398 38.0 1.51 870
0.1 396 379 1.50 49.2
0.5 395 377 1.50 15.6
0.05 398 38.0 1.51 145
2 0.1 396 379 1.50 84.4
05 395 377 1.50 26.4
0.05 349 333 1.29 218
1 0.1 335 32.1 1.23 134

05 322 30.7 1.17 43.0




640 S. A. Ambartsumyan

For internal forces and moments we have
’ w — w ’
Til = Bh(u +V—§), T22 = Bh(;+\'u )

R {p-a  4po
Niq = — + M;, = VM,
13 ‘2[p+a‘9 u+a\!’ 22 1

B ,  BW

'Y—E
— ————— (@’ +20y), Ryy=——R 6.2)
7 g TV Ru=iae e

M|=

= i hw” =(y+€) ﬁw'——hi-
Ry; =(y+E€) '1?‘”"' w” | Qa3 =(y 2 12R\|’

Assuming

u=uycosAa, w=wgysinAoy, @=@gcosA;, ¥ =YqcosAa

the conditions of free support at the ends of the shell are satisfied, and from Eqs (6.1) we obtain a system of algebraic
equations from which the required coefficients ug, wg, @, o can be found.

The analytic representations of these quantities are long and cumbersome, so we will only give the resuits for
some specific numerical cases. Let a = R, h/fa = h/R = 1/20, v = 0.3, p = 0.3b. Further, we assume [8-10] that
y + & = 4ul%, where [ is a new constant of the material with the dimension of length. It is obvious in this case that
y=2W*1 + ), 6= 2w?(1 - ). The dimensionless constant 7, as we know [10], varies between -1 and 1 and is
assumed [8, 10] to be not very different from the value of —v. In these examples the new constant of elasticity a
takes the values: zero, 0.05p, 0.1u and 0.5y, and the dimensionless quantity b = h/l, which is the ratio of the shell
thickness to a parameter of the material, takes the values: 1, 1.14142 and 2. The results are given in the table.

The required values can be found with the improved theory [1, 2] when b* = 4, o/p = 0.0, but normally
one is limited to quite thin shells #/o. = 1/20, for which the influence of transverse shears on the values
is reduced considerably, thus making the effects due to asymmetric elasticity more obvious.

The table shows that even quite small values of the new constants of elasticity can result in appreciably
different values from those obtained in the classical theory. Moreover, for a fixed value of /, a change
in a produces a change of only one-tenth of that amount in the values of ug, wy, ¢g, which is important
in the design of experiments to determine the new (basic) constant of elasticity /. By reducing the shell
thickness, we increase the influence on the results of the new constant of elasticity .. In particular, for
fixed /, when the absolute thickness of the shell is reduced, there is considerable disagreement between
the results of the classical (improved) theory and the theory proposed here. Assuming, for example,
that b = 1, with a shell thickness # = 0.05, which is equivalent to taking / = 0.05, we conclude that the
required values of ug, wg, ¢g will differ from the classical values by 20-25%.
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